Abstract. We show that a knot with a diagram with n granny and square tangles has unknotting number at least n, bridge number > n, and braid index > n. As an application, we construct exponentially many in the crossing number slice knots with arbitrarily high unknotting number.
Introduction
In a recent beautiful paper [Kr] , David Krebes introduced an invariant of 4-tangles with values in Z Z=(p; q) (?p; ?q) (a set one can think of as rational numbers with possibly zero denominators and not allowed to be reduced), that generalizes the classical iterated fraction of rational tangles, see [GK] . Up to a sign, p and q are the evaluations of the determinant ∆(?1) = V (?1) [J2, x12] on both closures of the tangle. Here ∆ as the Alexander polynomial [Al] and V the Jones polynomial [J] .
Krebes's invariant has, inter alia, the remarkable property, that whenever it is reducible (that is, p and q are not coprime), it detects that the tangle cannot be part of an unknot diagram. The simplest examples of such tangles are the granny and the square tangle shown on figure 1. the granny tangle the square tangle Thus, we have in particular the following interesting fact, that was mentioned by Lou Kauffman in one of his talks on the "Knots in Hellas '98" conference in Delphi, and drew my attention to Krebes's results. Supported by a DFG postdoc grant.
Corollary 1.1 ( [Kr] , see also [SW] ) A knot diagram with a granny or square tangle is knotted.
The aim of this note is to put Krebes's result into the more general picture of unknotting number inequalities related to evaluations of the Jones and Q [BLM, Ho] polynomial. By the work of Lickorish and Millett [LM] and Jones [J3] , all these evaluations reflect parts of the structure of H 1 (D K ; Z) as Z-module, where D K denotes the double branched cover of S 3 along K (in a similar way as the determinant, used by Krebes, does) . In fact, as pointed out to me by J. Luecke, one could study this structure purely topologically, as already done by Wendt in his pioneering paper [We] . The polynomial evaluations, however, reflect the most interesting, and, being readily computable, the calculationally most accessible part of the theory, and therefore we will take their point of view on it.
Throughout this paper, we will mainly concentrate on the Jones polynomial, giving the Z 3 -reduction of H 1 = H 1 (D K ; Z), only briefly describing the picture for Z 5 and the Q polynomial in the final section 6. The reduction of H 1 coming from the Jones polynomial is the one related to the granny and the square tangle, and it will allow us to control from below the unknotting number in terms of the number of such tangles occuring in a knot diagram (which generalizes corollary 1.1), as we will show in section 2. We prove the following inequality for the unknotting number u(K) of K, a special case of a slightly more general statement formulated in proposition 2.2. In section 3, we will use the procedure of insertion of granny tangles to construct slice knots of relatively high unknotting number, and in section 4 we will apply evaluations of the Kauffman bracket [Ka] in certain algebraic numbers to distinguish exponentially many of these knots using the Jones polynomial. The main motivation of this is to demonstrate the limits of the signature and 4-genera estimates as an (in fact, the) alternative approach to determining unknotting numbers (see [A, Km, Ru, Ta] ).
In section 5 we briefly discuss how the relation of the Jones polynomial evaluation to H 1 results in some simple property of the values of V , and, following recent work of Silver and Williams [SW] , briefly mention the relation of this evaluation to the number of 3-colorings.
In the final section 6, we mention how to reinterpret the preceding results for the Z 5 -reduction of H 1 coming from the Q polynomial.
Special evaluations of V , n-moves and some inequalities
Beside the values at t = 1, some other special evaluations of V are known [J2, x12]. The origin of V was a C algebra t is a parameter of, and special properties of the C algebra for specific values of t reflect in special properties of the corresponding evaluation of V . Of particular interest to Jones were the values t = e 2πi=n for n 2 N, where the C algebra has a positive definite scalar product. From this Jones deduced the following properties:
Theorem 2.1 (see [J2, corollaries 15.3 and 15.6 
(2 cos π=n)
For special values of n these evaluations have additional features. For n = 1; 3 the evaluation is 1 on knots, for n = 2, as mentioned, the determinant, and for n = 4 (equivalent to) the Arf invariant [Ka2] . Of particular interest to us will be the case n = 6, where the evaluation has the form
for some k 2 N. Our first aim in this note is to observe how this evaluation can be used to generalize corollary 1.1 in a different way and to show corollary 1.2. We start by some preliminaries.
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Figure 2: An (a; b) tangle. The integers a and b indicate that the boxes contain a number of jaj resp. jbj half-twists of writhe sgn(a) resp. sgn(b).
A n-move is a move on a knot or link diagram, replacing a 0 tangle (in the Conway [Co] sense) by an n or ?n tangle (where a ?n tangle is the obverse of an n tangle):
Two links are called n-equivalent if there is a sequence of Reidemeister and n-moves transforming a diagram of the one link into one of the other link.
A useful feature of n-moves is that they preserve jV(t)j when t is a n-th root of unity.
, if t is a n-th root of unity.
However, for n 2 (mod 4) the value V ? e 2πi=n preserves its norm even under a n=2 move. This is most easily shown directly using Kauffman's state model [Ka] . For the case n = 6, that is of interest for us, this fact also follows from the relation of V ? e πi=3 to the homology of the 2-branched cover of the link with values in Z 3 [LM] (There is some related work of Nakanishi, Murakami and Sakuma, briefly discussed in [St, x10.2] .) Remark 2.1 In general, V is orientation sensitive when reversing the orientation of a component of a link of more than one component, but by [LM2] and [J2, corollary 13.16] it changes just by a power of t, and hence, considering jV(t)j for jtj = 1 we can ignore any orientation of the components.
Traczyk [Tr] made the important observation, that because of the special form (2) of V ? e πi=3 , the (natural) number k = 2 log 3 V ? e πi=3 cannot change by more than one under a crossing change, hence in (2) we have k u(K) for a knot K (a fact, whose homological counterpart was discovered by Wendt). Using Jones's theorem 2.1, we also see
e πi=3 is invariant under 3-moves, and can be calculated by hand in a moment -every not too complicated knot is 3-equivalent to an unlink U k of some number k of components (Nakanishi [Na] conjectures that this is true even for any knot), and as
we obtain
Remark 2.2 It is interesting to remark that the inequality for the bridge number for k = 2 also follows from the fact that the 2-branched cover of a rational knot is a lens space L(p; q), and hence by [LM] 
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One of the consequences is corollary 1.2, as any of the (3a i ; 3b i )-tangles splits a (trivial) component under 3-moves.
It is known, that the braid index is not less than the bridge number, so the braid index inequality of proposition 2.2 is a consequence of the bridge number inequality, and it is expected not to be very powerful already because the braid index is in general much higher than the bridge number. In a computer experiment, I compared the braid index inequality of theorem 2.1 with the inequality of [Mo, FW] (Morton-Williams-Franks inequality) and found that latter is never worse on all knots available tabulated so far on [HT] (that is, up to 16 crossings; see [HTW] ). On the positive side, whenever the Morton-Williams-Franks inequality is strictly sharper (which is almost always the case), this can be used as a test that the knot cannot be represented as the closure of a braid, which is a product of conjugates of σ 3 i .
For n 6 = 6 we lose the control on the unknotting number, but proposition 2.1 still holds for d and b. A slightly weaker version of it in the context of braids was mentioned by Jones in [J2, x15], by observing that for these specific parameters, the image of the σ n i in the Hecke algebra is trivial.
Proposition 2.3 If a knot
1 is no longer true for any of the evaluations, that may give a non-trivial inequality. In fact, Jones showed that for given n and k the set
, if n 6 = 1; 2; 3; 4; 6 and k 3 (except for k = 3 and n = 10). Thus, even proposition 2.3 does no longer say that much, because by theorem 2.2 now there are lots of knots not n-equivalent to an unlink (as mentioned in [Pr] ).
Slice knots of high unknotting number
Proposition 2.2 illustrates that the unknotting number inequality from V of [Tr] is completely unrelated to the common source of such bounds -the 4-ball genus (see e. g., [Ru, BW, Km, Ta] ). The square tangle is a pair of ribbon singularities and hence now allows to construct a plenty of slice knots of arbitrarily high unknotting number. Although it is clear that by "plugging in" square tangles many knots can be obtained, the difficulty is in distinguishing sufficiently many of them.
Standard tools for this are either the classification theorems for special classes of knots, as alternating [MT] or arborescent [BS] ones, distinguishing definitely different knots of these classes, or knot invariants, distinguishing generally (but occasionally not) arbitrary different knots. The examples here use former approach.
Clearly, the inequalities will also hold for bridge number and braid index, but we content ourselves to the unknotting number, because it most strikingly contrasts the 4-ball genus.
So in the light of proposition 2.2 it is worth recalling the following series of examples, the first of which has been briefly mentioned in [St, x10.2 ], but appears worth (re)considering.
Example 3.1 Consider the pretzel knots P(3; a 1 ; : : : ; a 2n ) with a i 2 f 3g, ∑ a i = 0. By [LT, example p. 529 or theorem 10] they have crossing number 3(2n + 1) for n > 1 (for n = 1 this is 9 46 , so the formula is still correct) and by proposition 2.2 their unknotting number is 2n -for them an unknotting sequence of 2n crossing changes is easily found. Moreover, if a 2i = ?a 2i?1 for i = 1; : : : ; n, the knot is slice. By [BS] , the knots are prime, and P(b 1 ; : : : ; b n ) with all jb i j > 1 is a unique representation of a knot of this form up to cyclic permutations of (b 1 ; : : : ; b n ).
Therefore, we have Proposition 3.1 The number of slice prime arborescent knots of crossing number c, unknotting number u c=3 ?1 grows exponentially in c, the base of the exponential being choosable to be 6 p 2 ?ε for any ε > 0. 2 Question 3.1 Which of the knots in this series that are not obviously slice, are slice (all these knots are mutants, so 2-branched cover and Alexander polynomial arguments cannot exclude any)?
Note, that proposition 2.2 also determines the bridge number of these knots to 2n + 1, but the question with the braid index is more complicated -the inequality of Morton-Williams-Franks [Mo, FW] shows that the bound of proposition 2.2 is not sharp already for n = 1 (which, in a way, is no surprise, because, as mentioned, the braid index is not less and in general much higher than the bridge number).
These examples are in several ways unsatisfactory. Clearly, they are quite special (they are all iterated mutants), and we need the deep results of [BS] to distinguish them. This motivates to introduce also a way for distinguishing examples using knot invariants.
Question 3.2 What is the braid index of the knots in example 3.1?
Some similar further straightforward consequences are worth mentioning.
Proposition 3.2
There are exponentially many in c alternating prime knots of crossing number c with unknotting number u c=7.
Proof. Use that there are exponentially many in c alternating prime knot diagrams of c crossings (see [ES] or [ST] ), replace in an alternating diagram of c crossings any crossing by a (3; 3; 1) pretzel tangle (i. e., plug in a granny tangle near the crossing), so that the crossing does no longer permit a flype except switching between the two 3-twist boxes of the (3; 3; 1) tangle (this is possible by properly choosing the two neighbored strands to be connected by a granny tangle, as any crossing admits a flype maximally on one pair of pairs of neighbored strands), and argue by [Me] and [MT] .
2 Proposition 3.3 There are exponentially many in c alternating composite slice knots with c crossings and u c=7.
Proof. Take the alternating knots K of proposition 3.2 and build the connected sum with their obverses K#!K (we do not need the unknotting number to be additive under connected sum in this case, as the number of granny tangles adds). Proof. Take the examples K#!K of proposition 3.3 in alternating composite diagrams and connect two strands of the factors by a granny tangle, so that the diagram stays alternating. To visualize this description, we show one possible result for K = 6 1 on figure 3 (though 6 1 does not need to occur in the construction of the proof of proposition 3.2). The knot can be sliced by 3 crossing changes, resolving the granny tangle, hence has 4-ball genus at most 3.
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Remark 3.1 A signature argument shows that the 4-ball genus of these knots is at least 1 and the knot for given K can be chosen so as it to be at least 2, at the cost of adding one crossing, if K is positive or negative.
Remark 3.2 By plugging in more granny tangles we can achieve in the last three propositions u=c 1=3 ?ε at the cost of a smaller exponential base.
In all cases the exponential base can be written down explicitly, but clearly it is not much more than one. One could carry this out in more detail and think about improvements, e. g., using more intensively the results of [ES] or [BS] , if the subject is considered of sufficient importance. 
Tangle substitutions and bracket evaluations
Here we show how to distinguish more of the knots of x3 using Kauffman's bracket version of the Jones polynomial [Ka] and avoid use of deep classification theorems. We show that there are exponentially many in the crossing number slice knots with arbitrarily high unknotting number and pairwise distinct Jones polynomials.
The idea is to start with many knots with distinct Jones polynomials, and then to show that these many polynomials remain distinct after substituting a suitable tangle (here we will use the pretzel tangles of example 3.1).
Theorem 4.1 For any ε > 0,
grows exponentially in n, where c(K) denotes the crossing number of K.
To prove this theorem, we should first spend some words on preliminaries.
As mentioned, we use the model of the Jones polynomial due to Kauffman [Ka] (without repeating all definitions). The Kauffman bracket skein module of the room with 2 in-and outputs has 2 generators we denote by and . We consider the granny tangle as an inhabitant of this room, and denote by P 1 (A) =P 1 (A) andP 2 (A) its coefficients of and in the module, respectively. We would like now the substitution of # n T to behave on the level of the bracket as this of a crossing resolution according to the bracket relation.
We start the investigation with the following step that may at first glance appear to have little to do with our project.
Lemma 4.1
The polynomials X n (A) := P 2 (A) n + A 4 P 1 (A) n have no repeated zeros if n is sufficiently large.
Proof of lemma.
If A is a double zero of X n , then it is a common zero of X n and X 0 n . Building X 0 n and using X n (A) = 0 one finds that A is a zero of
Now, as n ! ∞, the factor P 1 P 2 of the zero converging part of P n has not higher maximal or lower minimal degree than the constant part, so that if ζ n 2 C are zeros of P n , then ζ n 6 ! 0; ∞. Therefore, all ζ n for all n lie in some compact domain not containing 0. The polynomials P n have bounded degree and because of uniform and absolute convergence on this domain we have that if ζ n ! ζ, then ζ is a zero of A P 0 2 P 1 ? P 0 1 P 2 ]. Now, by numerical calculation using MATHEMATICA TM [Wo] , the zeros of P 0 2 P 1 ?P 0 1 P 2 are t = 1, and 4 pairs of conjugate complex values for t = A 4 . They all have the property that jP 1 (ζ)j 6 = jP 2 (ζ)j and max(jP 1 (ζ)j; jP 2 (ζ)j) > 1 ; except the zero t = ζ = 1, so for any of these ζ 6 = 1, if jζ n ?ζj < ε for some ε = ε ζ > 0, ζ n is not a zero of X n by comparing the norm of both terms of X n .
If ζ n are zeros of P n with ζ n ! ζ for ζ = 1, then either ζ n ζ (for infinitely many and, choosing a subsequence, w.l.o.g., for almost all n),
then we must have for ζ n zero of X n also jζ n j 1. So = 512 6 = 0, a contradiction (alternatively, f : R ! R is analytic and would constantly vanish, contradicting the existence of non-trivial poles at t = 1 = 6 ).
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Remark 4.1 The standard tool to examine the existence of a double zero of a polynomial f , is to consider the resultant R( f ; f 0 ) of f and f 0 . For two polynomials f and g, R( f ; g) is defined as the determinant of a square matrix of rank deg f + degg, involving the coefficients of f and g, see e.g. [LN, definition 1.93, p. 36] . The problem of applying the resultant is clearly that the degree of X n (and hence the size of the determinant) grows unboundedly. Nevertheless, the resultant can be applied to deduce at least that X n has no triple zero for n sufficiently large. Building X 00 n (A), and using X n (A) = 0, we obtain in a similar way as in (3) MATHEMATICA TM shows that P n and Q n have the common factor V = 1 ?t + t 2 , whose zeros e πi=3 , however, are not zeros of X n . Thus consider P n =V and Q n =V , for convenience both multiplied by n(n ? 1) and by a power of A to have minimal degree 0 in A (as the value A = 0 is not of interest for us). Now both polynomials have bounded A-degree in n, and hence their resultant is straightforward to calculate. MATHEMATICA TM reports it to be a non-zero polynomial in n (written out, it has several dozens monomials with 70 digit coefficients). This shows that at least for n sufficiently large X n has no triple zeros, which, as one can see, still suffices for the following considerations, at the cost of qualitatively somewhat worse bounds. Now follows the second step that will be joint with the first one, proving the theorem.
Lemma 4.2
# fV K : K has an unknotting number 1 diagram of n crossings g grows exponentially in n.
Our method to prove this lemma is to consider the determinant det(K) of a knot K, given by det(K) := ∆(?1).
Remark 4.2 Very often the determinant is defined just up to a sign, the reason being that the topological definition of the Alexander polynomial is just up to multiplication with t k . To avoid this ambiguity, usually one either poses det(K) > 0, or normalizes ∆ so as ∆(1) = 1 (and ∆(1=t) = ∆(t)), which determines ∆(?1) uniquely. Here we choose latter convention. Both conventions, at least for knots, contain equivalent information, as ∆(?1) < 0 () j∆(?1)j 3 (mod 4).
Proof.
We show that the number of determinants det(K) of such knots K already grows exponentially in n. From that the claim follows, as det(K) is recovered uniquely from
We consider rational knots of the form C(a 1 ; : : : ; a k ; 2; ?a k ; : : : ; ?a 1 ; a), see figure 1 of [KM] . We take a and all a i to be even. Clearly, for each crossing number c = jaj + 2 + 2 ∑ ja i j the number of such diagrams is exponential in c. Moreover, it is known that a representation of a rational knot as C(b 1 ; : : : ; b n ) with all b i even is unique, hence all these diagrams represent distinct knots, and their associated iterated fractions p=q = IF(b 1 ; : : : ; b n ) := b n + 1=(b n?1 + 1=(: : :)) are all distinct. By [KM, theorem 1, (ii) ], in all these fractions, q is even. Now, if IF(a 1 ; : : : ; a k ; 2; ?a k ; : : : ; ?a 1 ; a) = p=q (from now on with the convention that p > 0), then IF(a 1 ; : : : ; a k ; 2; ?a k ; : : : ; ?a 1 ; a + 2) = (p + 2q)=q. So if T is a rational tangle with iterated fraction p=q, q even, then by [Kr] with both symbols ' ' denoting the same sign, because q is even and det(K) 1 (mod 4). Then, (x; y) recovers (p; q) because p = jxj and q = 1 = 2 sgn(x)(y ?x).
Therefore, # f(x(T);y(T)) : T is a rational tangle closing to an unknotting number 1 knot diagram of c crossings g grows exponentially in c, and the claim follows from projecting the paris (x(T ); y(T )) onto the component taking more values and possible rescaling (to account for the 2 additional crossings if the second component was projected to). 2 Remark 4.3 The identities relating the determinant to the polynomial of Alexander [Al] , and the Q polynomial of Brandt-Lickorish-Millett-Ho [BLM, Ho] , det(K) = ∆ K (?1) and det 2 (K) = Q K (2), latter one together with the mentioned property det(K) 1 (mod 4), show that the determinant of a knot is also uniquely recovered by these polynomials, and so the lemma is also true for Q K and ∆ K instead of V K .
Proof of theorem 4.1. Take, fixing n, the diagrams of lemma 4.2. They all unknot switching a clusp
In the rest of the proof, we just consider these 2 crossings. Replace any of these 2 crossings by a tangle M:
The bracket relation near a crossing at the clusp
with P i;M the Kauffman bracket skein module coefficients of M. Now, if
then the replacement (4) preserves the bracket at A up to a factor
where from now on, the tangles depict the differing parts of the knot diagrams.
5 3-colorings and a property of the Jones polynomials
The condition (5) is satisfied, if A is a zero of P 1;M ?A 2 P 2;M . Setting M = T n 0 := # n 0 T (T being as before the square tangle), this is equivalent to A being a zero of X n 0 of lemma 4.1. Therefore, by lemma 4.1, X n 0 = P n 0 2 + A 4 P n 0 1 has degree 6n 0 in t = A 4 and 6n 0 zeros for n 0 large enough. If n 0 := d n = 6 e, then c(T n 0 ) = 6n 0 2 n; n + 5], and
with c denoting the crossing number of the diagram. The knots T n 0 T n 0 are arborescent and slice, as is the unknot, and by 3-equivalence arguments
for some constant C. Now, as c ? n, then the brackets of the knots , up to a power of A (dividing out just a linear factor in n from their number), are determined by their values at t 1 ; : : : ; t n , where t 1 ; : : : ; t n , (t i := A 4 i ) are some n of the 6n 0 zeros of X n 0 because of [Ka, Mu, Th] . But
because from (6) we have
and P 1 (A i ) 6 = 0 (as P 1 and P 2 have no common zero). Therefore,
are exponentially many in n, and we are through by (7) and rescaling. 
3-colorings and a property of the Jones polynomials
After preparing a preliminary version of this note, I came across a paper [SW2] of Silver and Williams, which suggested to me a further interpretation of V ? e πi=3 . Namely, its square, also expressible as Q(?1), where Q is the polynomial of Brandt-Lickorish-Millett-Ho [BLM, Ho] , is, up to a sign, equal to the number of based 3-colorings of a knot (see for a good account on 3-colorings, [Ad, x1.5 
]).
A 3-coloring is a map
where a bridge is a sequence of consecutive crossing overpasses (the strand connecting two under-crossings we consider as a bridge of length 0), such that the numbers assigned to the three (not necessarily distinct) bridges neighboring a crossing are either all equal of all distinct. If Φ is a 3-coloring, then so is Φ 1, so we factor out this trivial variation of colorings by fixing some distinguished bridge to have some distinguished color, say 0, and call the 3-colorings with this property based 3-colorings (they form a Z 3 -vector space).
By [F] , the number of based 3-colorings is a knot invariant, and by [SW2], it is equal to H 1 (D K ; Z 3 ) (D K denotes the double branched cover of S 3 over K), which by Theorem 8.4.8 (2) of [Kw] is the same as jQ(?1)j, or as V by [LM] .
Thus, the previous inequalities can also be expressed in terms of 3-colorings. For example, if a knot has more than three based 3-colorings, then it is not rational and does not have unknotting number one, or by [St, x10] , we see that the number of 3-colorings (and in fact n-colorings for any n) is bounded by a function of the minimal genus of a surface rendered by Seifert's algorithm.
We leave it to an interested reader to formulate the relationship in full generality.
However, there is one related (but independently formulable) consequence that deserves explicit mention -a new property of the values of the Jones and Q polynomial on knots. 
5-moves and unknotting numbers
It would be interesting if similar phenomena occur for the homology modules of D K with values in higher finite fields. This is, however, unlikely for V . As quoted in [Ki, p. 74] , Y. Rong observed that V does not contain H 1 (D K ; Z 5 ) , using the duplication of V on 4 1 #4 1 and 8 9 .
On the other hand, according to ibid., by [J3] the Q polynomial (and also the Kauffman polynomial F [Ka3] ) contains this number in the evaluation at the "golden ratio" z = e πi=3 . Thus we can repeat a big part of our observations so far using 5-moves, 5-colorings and H 1 (D K ; Z 5 ) , and obtain analogous inequalities for the unknotting number (but not a priori for braid index and bridge number) of links 5-equivalent to split links. However, now knots 5-equivalent to unlinks are much more special, and the constructions of x3 will give more complicated knots.
On the other hand, this setting also yields a lower bound for the "unknotting number" of a knot w. r. t. the move ?! . In [HNT] , Hoste, Nakanishi and Taniyama proved that this move (they call it H(2)) is an unknotting operation, that is, any knot can be unknotted by a finite number of such transformations. Their theorem 4 gives a more general lower bound for its unknotting number u 2 , which for p = 2 implies ours (their bound counts all torsion coefficients of H 1 (D K ; Z), not only the ones divisible by 5, as ours does). Thus, from the Q polynomial we see how to obtain an independent proof for a weaker version of their result on u 2 .
Questions
We conclude by two questions. That is, is the number of torsion coefficients divisible by 3 of the group H 1 (D K ; Z), considered as a lower bound for the (double) genus resp. braid index (?1), never better than the classical bounds coming from the maximal degree of the Alexander polynomial resp. the Morton-Williams-Franks inequality? What happens if we take all torsion coefficients?
Remark 7.1 The inequalities are of course always true when the classical bounds are sharp. The largest class of knots I know of for which this has been proved are homogeneous knots for the genus [Cr] and fibred alternating and rational knots for the braid index [Mu2] . Experimantally I found that both inequalities hold for the knots tabulated by Thistlethwaite (as already mentioned above in the braid index case).
